3rd International Conference
Advanced Mechanics: Structure,
Materials, Tribology

Solving The Bending Equation of A Rectangular Plate Using The
Finite Difference Method

AIPCP25-CF-AMSMT2025-00035 | Article

PDF auto-generated using ReView
from

sl

RIVER VALLEY
HNOLOGIES



Auto-generated PDF by ReView 3rd International Conference Advanced Mechanics: Structure, Materials, Tribology

Solving the Bending Equation of a Rectangular Plate Using
the Finite Difference Method

Zokir Khudoyberdiyev!®, Amirbek Begjanov>?, Sherzod Yakhshiboyev>,
Rashid Usanov* %, Nozima Rakhmatullayeva> ®.

!Samarkand State University, Samarkand, Uzbekistan
2Urgench State University, Urgench, Uzbekistan
3Samarkand State Architectural and Civil Engineering University, Samarkand, Uzbekistan
“Samarkand State University of Veterinary Medicine, Animal Husbandry and Biotechnologies
SUzbekistan-Finland Pedagogical Institute

3 Corresponding author: xudoyberdiyevz@mail.ru
b bekjanov@gmail.com
9 sherzodyakhshiboyev@gmail.com
9 rashid@gmail.com
9 rakhmatullayeva@gmail.com

Abstract: This work addresses the problem of solving the bending equation of a rectangular plate using the finite differ-
ence method. Initially, the correctness of the finite difference method is verified. For this, the bending equation of a plate
with all four sides clamped is solved using the finite difference method. The obtained solution is compared with the exact
solution of the bending equation of a plate with all four sides clamped. Then, the bending equation of a plate with all four
sides simply supported is solved using the finite difference method. In the third case, the bending equation of a plate with
two parallel sides clamped and the other two parallel sides simply supported is solved using the finite difference method.
In the final section, the solutions of the bending equation obtained for all three boundary conditions are compared. Con-
clusions are drawn based on the comparison results.
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INTRODUCTION

Currently, in various fields of technology, devices in the form of rectangular plates are widely used in a horizon-
tal position. The edges of these plates can be clamped in different ways. Depending on how the edges are clamped,
the plates exhibit different types of bending. In many cases, the calculation of such bending in plates is carried out
based on classical theory [1]. Many researchers have worked on the development of classical theory, and this work
continues to this day. The bending equation of a plate was derived by Sofi-German through classical theory. Only a
few solutions to this bending equation have been obtained to date. With the advancement of technology, it has be-
come easier to obtain approximate solutions to the bending equation using electronic computers [2-6], which ensures
that greater attention is paid to these equations [6-11].

In this article, the bending equation of a plate is solved numerically using the finite difference method with the
Maple mathematical software. The obtained solutions are compared with the analytical solution.

STATEMENT OF THE PROBLEMS (ISSUE)

We consider an elastic plate in three-dimensional space with one side of length a and the other side of length b.
The thickness of the plate is h. The plate under consideration is a three-dimensional elastic body. As in [12—-15], a
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rectangular Cartesian coordinate system Oxyz is introduced for the plate (see Fig. 1). The Ox and Oy coordinate axes
are directed along the mid-surface that divides the plate’s thickness into two equal parts.
Ay

h

a

FIGURE 1. Schematic of the plate

We direct the Oz-axis upward, perpendicular to the Oxy-plane, along the height of the plate [6—11]. For the plate
material, let the modulus of elasticity (Young’s modulus) be E, and let the Poisson’s ratio be v. Since the rectangular
plate under consideration is subjected only to bending, we use the Sophie—Germain bending equation derived in the

classical theory. The deflection of the plate is denoted by f° (x, y) .
The bending equation for the plate in the classical case is written as follows:
oS (xy) 0 (xy) Of(xy) _ gy
o' ox*oy? o' D
Here, f (x, y) - is the bending function, q(x,y) -is the distributed load applied to the outer surface of the plate,

(@)

and D- is the flexural rigidity of the plate material.
3
po B
12(1-v7)
The edges of the plate can be hinged, rigidly fixed, or free. In solving practical problems, we consider a plate
with edges connected as follows:

a) The plate has all four edges hinged:
In x=0and x=a

@1 (0.y)_2f(ay)

F(0.y)=f(ay)=0, —=5 7 =0 @

In y=0and y=»
£(x.0)= £ (x.6)=0. faif’o) 2 faif’b) 0. 3)

b) The plate has all four edges rigidly clamped:
In x=0and x=a
of (0, of (a,

£(0.9)=f(a)=0, LOD _Tlo2)_o @)

In y=0 and y=>
£(x,0)= £ (x,6)=0, I (x0) _F(xb)_ )

o o
c) The plate has two parallel edges hinged and the other two parallel edges rigidly clamped:
Inx=0and x=a
f(0,y) & f(a,y)

f(O,y)zf(a,y)zO, o’ - o’ =0, Q)

In y=0and y=b

= =0. )
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Thus, to solve the problem of plate bending, it is necessary to solve the bending equation (1) under one of the
given boundary conditions.

SOLUTION OF THE PROBLEM
To solve the given problem, we use the finite difference method. To construct the finite difference scheme,
o Sy . 1 1
0<x<a, 0<y<bh the domain is covered by a rectangular grid with step sizes & = v and 7= W along the x
and y -coordinates, respectively. The points (xl.,tj) (i=0,1,..,N, j=0,1,..,M) are referred to as the nodes of the
grid. (x,,7,), (xo,tj), (xN,tj) va (x,,t,) the points located on the boundary of the grid. Now, at point (1), we

approximate each term in the plate's bending equation using finite differences at point (x/.,t j) :

a4f(x, y) _ fgfz,_/ _4f/:—1,j + 611;,_/ - 4ﬁ+1,_/ + fi+2,j X (8)
ox' n* ’
(wsty)
aAf(xa)’) _ ﬁ,/—z _4fi,j—l +6fi,j _4fi,j+1 +f,;j+z X 9
ay4 - 2_4 s ( )
(s-17)
54f(x,y) _ -f;—l,/—l _zf;—l,j +fx>1.;+1 _Z.fi,jfl +4fi,; - 2fi,_/+1 +
ox*oy* °h’
() (10)
+ fm,j-l _2.fi+l,j +fi+|,j+| .
°h ’
Substituting expressions (8), (9), and (10) into the plate bending equation (1), we obtain the following:
4h7 ) 8n*  6h' a4’ |
f,-fz.j _(4+7Jﬁu +[6+7+7jfu _[44'7]/#1,/ +fi+2~,/ +
20 20 4 4nt) an’ 4t
+7fi+l,j+l +TTJ‘1'+1,/71 _[_[T"'TT]L./H _(7"'7)](1‘,/1 + (1 1)

20 20 Bt gk
+7fx—l,j+l+7J‘i—l,/—l+?fi.j—2+?fi,j+2 = ,D 5
First, we solve the bending equation for a plate with all four edges hinged, having geometric properties a =2m,

b=2m, and h=0.05m. Therefore, the boundary conditions (2) and (3) are replaced with finite difference equa-

tions
azf(xﬂy) f:r+1'42fr.'+f;—1'
f(xy)=1, FE - hzj ot (12)
. . azf(xay) -}(1 j+1 —2_}(; +f;’, j—1
f(xy)=1, P — —; (13)
The plate material is aluminum. For aluminum, the modulus of elasticity £ =7-10" Pa and the Poisson’s ratio
v=034.

Thus, to solve the problem of bending for a plate with all four edges hinged, the system of equations (11), (12),
and (13) is formulated to be solved simultaneously. We solve this system numerically using the “Maple” mathemati-
cal software package. To perform the practical calculations, we first cover the Oxy domain of the plate with a 4x4
step grid. In this case, the boundary conditions (2) and (3) are written as follows:

Joa=toa=tos=ha=Jfoo=Sia=fin=fizs=is=0;
Jo=—Faohu=—Ffanho=—Ffanfis=—fas ha == (14)
Jso==SrosSsa = _fa,lsfs.z = _f3,2>f5.3 = _fs.srfs,4 = _f5,3~
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fl,o = fz,o = f3,0 = ﬁt,O = foa= f1,4 = f2,4 = f3,4 = fA,4 =0
Joo=—fosSu=—fiv o =—fos o =S S =—Sas (15)
fo,s = _fo,s sfl.s = _fl,s’fz,s = _./[2,3’f3,5 = _fs,s sf4,5 = _f4,3~
In equation (12), the indices i and j take values from 1 to 3 . As a result, equation (11) transforms into a system

of nine equations [12]. The resulting system of equations, together with the boundary conditions (14) and (15), is
solved using the Maple mathematical software package, yielding the following solutions:

TABLE 1. Deflections occurring at the nodes

Soua=0 f14=0 S0 =0 f4=0 Jia=0
fos =0 Ji3=87-107 fry =139:107 Sy =87-107 fis=0
Jor =0 fi2=139-107 fry =243-107 S, =139-107 fia =0
fou =0 /i, =87-107 S =139:107 f5, =87-107 fur =

Soo =0 fio=0 S0 =0 S0 =0 Jio=0

Similarly, by covering the plate domain Oxy with a six by six, eight by eight, fourteen by fourteen, and twenty

by twenty steps we obtain the solutions. The solution obtained with the twenty by twenty grid is compared with the
exact solution (Fig. 2).

As seen in Fig. 2, the approximate solution obtained using the finite difference method differs 0.15 - 1077 from
the exact solution obtained by the analytical method for a plate with all four edges hinged. This shows that the ap-
proximate solution obtained through the finite difference method can be considered a reliable solution.

Now, we solve the problem of plate bending with all four edges rigidly clamped (noting that an analytical solu-
tion for such a problem does not exist). Similarly, we cover the plate’s Oxy domain with four by four, six by six,
eight by eight, fourteen by fourteen, and twenty by twenty step grids, and obtain the solutions. These solutions are
represented in the following graphs (Fig. 3).

-7
s5x10°7 TN - A N
’ / \ 22x%10°7
5.x10°7 , \ 2 %107 /N
435x10°7 / A 18%10°7 / \

4.x10°7 / \ 15x10°7 i
35x10°7 12x10°7 / /7 \\\
3.x10°7 1.x10°7
25x10°7 / \ 75%10° // %_
|

\ e 7/
N

2.x10°7
x10°7 l \ %108 A/
15x%10 / \ 25 100y|

-7
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5.x10°% x
bending function when N=4, M=4
0 bending function when N=6, M=6

0 02 04 06 08 1 12 14 16 18 12

bending function when N=8, M=8
bending function when N=14, M=14
bending function when N=20, M=20

Solution obtained by the mcihud of finite differences
Exact solution

FIGURE 2. The difference between the exact solution and FIGURE 3. Bending of a plate with clamped edges
the approximate solution
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The case with all edges rigidly clamped
The case with two parallel edges simply supported and
the other two parallel edges rigidly clamped

FIGURE 4. Bending of a plate with two parallel FIGURE 5. Graph of the comparison of bending in
edges simply supported and the other two parallel edges plates with differently clamped edges
rigidly clamped

As can be seen from Fig. 3, the solutions obtained by covering the plate domain Oxy with fourteen by fourteen

and twenty by twenty step grids differ by 0.04-107 . As the number of grid steps increases, this difference becomes
infinitesimally small.

When solving the problem of the bending of a plate with two parallel edges clamped and the other two parallel
edges simply supported, we obtain the following solutions (Fig. 4):

Here too, as can be seen from Fig. 4, the solutions obtained by covering the plate domain Oxy with fourteen by

fourteen and twenty by twenty step grids differ by 0.03-107.

To verify the reliability of the solutions obtained using the finite difference method, we plot the solutions ob-
tained by covering the Oxy domain with a twenty by twenty step grid for all three problems on a single graph (Fig.
5).

As seen in Fig. 5, when the dimensions and materials of the plate are the same but the boundary conditions
differ, the bending behavior of the plate varies. Specifically, when the edges of the plate are hinged, the bending is
larger, whereas when the edges are rigidly clamped, the bending is smaller. For a plate with two hinged edges and
two rigidly clamped edges, the bending is between the two cases described above. This behavior is consistent with
the physical meaning of the problem from a theoretical perspective.

CONCLUSION

The presented graphs allow the following conclusions to be drawn: the more rigidly the edges of the plate are
clamped, the smaller the plate’s bending will be. In the problems solved above, where the material and dimensions
of the plate are unchanged, the bending of the plate with all four edges rigidly clamped differs from the bending of
the plate with all four edges simply supported by 82 - 1077, This indicates that, for minimizing bending when using
plates, it is advisable to clamp the edges rigidly.
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