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Abstract. The article is devoted to the study of the deformation properties and damageability of textile materials—yarns and fabrics—taking into account hereditary properties. Models of textile yarn deformation are presented based on operator relations between stresses and strains. It is assumed that the coefficients of the equations are functions of strain or damage. In particular, state equations of the standard linear type are provided, as well as physically nonlinear deformation models incorporating a modified time parameter. The article presents the results of experimental investigations into the deformation properties of yarns and fabrics made from the structural textile material T-13. The influence of deformation diagrams on calculated values and the stress state is demonstrated. It is noted that, based on experimental data, it becomes possible to predict the strength of yarns and fabrics during the technological process.
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INTRODUCTION
The modeling of deformation behavior, as well as the analysis of damage accumulation and long-term strength of composite materials, including textile-based composites, and the development of corresponding mathematical models using advanced computational methods that account for material structure, remain highly relevant research areas [1–5].
In monograph [1], general theoretical principles and methodologies are presented for the formulation and solution of problems concerning the stress–strain state and damage evolution in load-bearing structural polymer materials. Additionally, criteria for long-term and low-cycle fatigue strength under constant and variable loading conditions are considered. Works [2, 3] emphasize the critical importance of analyzing the mechanisms of yarn breakage and failure during textile processing. In [2], the time-dependent phenomenological process of material failure is treated as a sequence of damage accumulation and defect generation. Based on a damage mechanics approach, theoretical frameworks have been developed for yarn and fabric processing that incorporate the viscoelastic behavior of the constituent materials. A deformation theory for yarns is being further developed within the framework of hereditary viscoelasticity. Comprehensive experimental data on the creep and stress relaxation behavior of various textile materials are also presented.
In [4], the results of theoretical and experimental studies on optimizing the physical and mechanical properties of woven composite materials and designing fabric-based products with specified properties are presented. Methods and results of mechanical testing for evaluating the properties of reinforced composite fabrics are described. By definition, a polymer-fiber composite medium in an uncured state is called a prepreg. One of the key characteristics of prepregs is their ability to undergo inelastic shear with sliding between the reinforcing fibers under load. Prepregs are sufficiently compliant to allow extensive processing. As a result, an already formed product can be reshaped with dimensional changes. In some cases, this enables simplification of tooling, reduction of manufacturing time, and improvement of product quality and strength properties. Modern textile composite materials not only possess a broad spectrum of properties that distinguish them from traditional materials but also exhibit the capability for targeted modification of these properties according to structural requirements. Significant progress has been achieved in developing composite materials with desired property combinations, with increasing interest in structural materials based on oriented fiber composites [5, 6, 7].
Based on the experimental and theoretical investigations in [8], the main parameters of deformation and strength processes of textile materials—cotton yarns and threads—were determined. Variations in the deformation modulus with different linear densities were identified. Using a structural-linear viscoelastic body model, a physically nonlinear deformation law for yarns and threads under tension was proposed. Methods for calculating the strength of cotton threads under tensile loads, based on formulas derived from the nonlinear deformation law, were analyzed along with experimental and theoretical studies of deformation in cotton threads with varying linear densities under tension. From the study of technological processes, deformation laws for textile yarns considering structural heterogeneity were derived [9]. The viscoelastic parameters and three-parameter kernel coefficients for natural and various chemical textile fibers were experimentally determined in [10–12], based on V. V. Moskvitin’s long-term strength criterion.
In [13], the fundamentals of designing textile yarns and fabrics were developed, enabling the prediction of their structure and properties through directed influence on the manufacturing process. Topological characteristics of various textile interlacements were analyzed. The initial properties of yarns and threads during processing were experimentally investigated. Criteria for assessing the structure of woven constructions using knot theory tools were provided. Woven structures are widely applied across multiple technical fields and everyday use, both as load-bearing elements within complex assemblies and as independent structural units. The study focuses on single-layer fabrics of arbitrary weave composed of warp and weft yarns of any fibrous composition. Such a construction is represented by elementary cells that integrally define its structural capacity, known in textile technology as single weaving overlaps. It is noted that in knot theory, an overlap corresponds to the intersection of topological lines, representing either a crossing or a pass, depending on the relative positions of the lines at the intersection. The set of these crossings and passes within a repeat unit forms a mathematical knot. Fabrics with different weave patterns correspond to knots of varying orders. Accordingly, the geometric form of the topological lines corresponding to the warp and weft may take the shape of a straight line, semicircle, or arc [13].
In [14], linear and nonlinear deformation laws for textile yarns were developed, and based on these, algorithms for determining and assessing the strength characteristics of textile materials were proposed. A computer technology for modeling the physico-mechanical properties of complex-structured textile materials, accounting for temperature effects, was developed.
As noted in [15–18], when studying the processing of yarns and structural fabrics considering physico-mechanical properties, it is critically important to determine the deformation characteristics and damage degree of textile composite materials.
State Equations of Yarns Considering Viscoelastic Properties and Damageability.
During the deformation of yarns made from composite materials, damage accumulates, which under certain conditions leads to failure. The accumulation of damage significantly affects the physico-mechanical properties of the materials; therefore, the degree of accumulated damage is introduced into the state equation as a defining parameter. In works [1, 2, 19], hereditary-type integral relations of viscoelasticity are presented, which are equivalent to the following differential relations (in operator form):
		(1)
or in expanded form
		(2)
In particular, for the one-dimensional case, the deformation law of the material, i.e., the relationship between stresses and strains, is expressed as follows:
		(3)
Let us consider the coefficients  and  as functions of strain or damage functions. It should be noted that, in the study of yarn and thread properties, common particular forms of relation (3) have been obtained, which link stresses through strains [19]. Some of these forms for uniaxial yarn stretching are presented below. 
Assuming that in relation (3) m=0, n=1 and the coefficients  are non-zero, we have:
		
Dividing both sides of this equation by а0 and introducing certain notations, we obtain the constitutive equation (Voigt model).
	              (,  )	(4)
Under constant stress over time , from relation (4) after integration, we obtain the solution in the form:

The Maxwell rheological model is described by equations (3) under the condition that the constants a0, a1, b1 are non-zero:
		
After dividing by а0, we obtain
	       (      )	(5)
Under constant strain over time , the stress will vary according to the following law:
		
where  stress at the initial moment in time, the relaxation time.
In the standard linear model, it is assumed that the coefficients are non-zero. From (3) we have
		(6)
By introducing the notations  ,  the previous equation can be expressed as:
		
Now, let us rewrite equations (6) and divide by :
		
and write it in the following form:
	       (      )           	(7)
Dividing equation (7) by n, we obtain the model [2, 8]:
		(8)
Here, σ and ε denote the longitudinal tensile stress and strain in the yarn, ED is the dynamic modulus, and ES  is the static tensile modulus of the yarn. The parameter μ=1/n is the viscosity parameter with units of c-1, which is determined from the relation
		(9)
where η is the volumetric viscosity coefficient of the material.
Based on the analysis of mechanical models of viscoelastic bodies, a generalized model of type (8) was proposed in [8] to describe the constitutive equation of cotton yarn under tensile loading up to failure. In this case, it is assumed that the mechanical parameters of the model in equation (8) — ES, ED, μ or η — are not constants, but variables, i.e., they are functions of strain. Accordingly, the constitutive equation is expressed in the following form:
		(10)
where ES(ɛ) and ED(ɛ) are the variable static and dynamic moduli of material deformation, respectively; μ(ɛ) is the variable volumetric viscosity parameter of the material, which is related to the volumetric viscosity coefficient η (ɛ) by the following equation:
		(11)
In [8], equation (10) is referred to as a physically nonlinear viscoelastic model or as a constitutive equation describing the deformation behavior of yarn. Equation (10) can be rewritten in the following form:

		(12)
where
		
For specific values of ε, the functions ES(ɛ), ED(ɛ), μ(ɛ) are assumed to be known from experimental data, and it is also assumed that dɛ/dt=const. For this case, the solution of equation (12) is given in the form:
		(13)
At ɛ = ɛk, the equation (13) takes the form
		(14)
where  is the critical stress (strength) at which the yarn breaks; Esk is the static modulus of deformation of cotton yarn at the moment of rupture t= tk , μk is the viscosity parameter of the cotton yarn at rupture; γk=EDk/ Esk, EDk is the dynamic modulus of deformation of the yarn at the moment of rupture.
Equation (14) contains seven parameters: Esk, ɛk, tk, dɛ/dt, μk, γk and EDk. The procedure for determining these parameters experimentally is described in [8].
Now, let us assume that the coefficients ak and bk in equation (3) are functions of accumulated damage, i.e., the coefficients Es, ED, μ or η are considered as functions of the degree of material damage. In this case, equation (10) is rewritten as follows:
		(15)
We assume that the parameters ED(ω), Es(ω), and (ω) are also known from experimental data. The solution of equation (15) can be represented in the form of (13).
The damage function ω is defined by the kinetic equation [1]:
		(16)
Here, the function Ω(t) is defined by the law of strain variation over time, and it is assumed that the rate of damage evolution, dω/dt, is influenced not only by the strain ε(t) at the current time t, but also by the strains that existed over the time interval 0 ≤ τ ≤ t, with an influence function F(t−τ):
		(17)
Here, F(t−τ) and φ(ε) are unknown functions determined experimentally.
Taking into account (16), (17), and the strength criteria [1], we adopt the following function as a characteristic of the damage accumulation degree:
		(18)
In particular, at  from (18) we obtain the following expression for the damage function:
		(19)
and at constant strain rate ,
		(20)


where Г is the gamma function,  and  are durability parameters determined experimentally.
Now, the effect of the degree of accumulated damage is taken into account by introducing a modified time t′, which is related to the physical time t and the damage function ω(x,t) by the relation [1]:
	          	(21)

where aω(ω) is an experimentally determined function satisfying the conditions
	        	(22)
Using the modified time, the relations for the hereditary-type viscoelastic medium can be expressed in the form of a Stieltjes integral.
		(23)
Or
		(24)
where the creep function Jω(ξ) and relaxation function Пω(ξ) are determined experimentally.
Assuming that creep curves ɛ=ɛ(t,σo) corresponding to different constant stresses σo have been obtained from tensile tests, in this case the function ω(t) takes the form:
	,         	(25)
For simplicity, аω (ω) is approximated by an exponential function.
    (a > 0)
satisfying the conditions in (22). In this case, t′ according to (21) will be (with m=0):
      where         
Let us represent the function Jω (tʹ) in its simplest form.
	           	(26)
Here, Вo, β, and α are unknown constants determined experimentally, and the function to(√σᵒ) characterizes the durability of the material.
Analysis of the Deformation Properties of Textile Structural Materials Based on Experimental Results
In the study of damage in textile fibers and yarns, two main approaches are employed. The first approach is based solely on empirical observations derived from experimental data. The second approach is grounded in the phenomenological concepts of mechanics, and in recent years, it has found wide application in textile technology [2, 3, 13]. These studies have demonstrated the critical importance of analyzing the causes of yarn breakage and failure during processing. The time-dependent phenomenological process of failure is regarded as a process of accumulated damage, including the development of various voids and defects. Using damage criteria [1], theoretical foundations have been developed for yarn and fabric processing that take into account the viscoelastic properties of textile materials. Extensive experimental data have been provided for the study of creep and relaxation behavior in various textile materials. In [4], it is noted that predicting the physical and mechanical properties of woven composite materials and designing fabrics with target properties based on experimental results are essential for their application in modern engineering. Modifying the fabric structure (weave topology) is an effective method for optimizing textile reinforcement. As an illustration, Table 1 presents the physical and mechanical characteristics of various fabric types obtained from experimental data.
TABLE 1. Physical and Mechanical Properties of Fabrics
	Fabric grade
	Thread count per 10 cm (pcs)
	Surface density,
(g/m2)
	Nominal fabric thickness (mm)
	Minimum breaking load (N)

	
	warp
	weft
	
	
	warp
	weft

	Т-10
	360
	200
	290
	0,23
	2450
	1323

	Т-11
	220
	130
	385
	0,30
	2744
	1568

	Т-13
	160
	100
	285
	0,27
	1764
	1176


It has been noted that the initial data for modeling and optimizing the deformation properties include: fabric linear density, cross-sectional area, compression and bending diagrams, weave topology, and fabric density. 
To determine the deformation properties of structural textile yarn (glass yarn T-13), tensile tests were carried out using a standard "STATIMAT" testing machine. The system operates with the help of dedicated computer software, which provides the test results in the form of tables and graphs showing the dependence of tensile force FFF on relative strain ε and time t.
As an illustration, ten experimental curves of the tensile force versus relative strain, F(ε), are presented for yarn (T-13) with a linear density of T=68,0 tex (Figure 1a). Similar curves were obtained for other yarns with different linear densities, as shown in Figure 1.
	[image: ]
	[image: ]

	(а)
	(b)

	FIGURE 1. Experimental tensile force–strain curves for glass yarn with a linear density of T=68 tex



The nonlinearity of the F(ε) curves (Figure 1a) is evidently associated with structural changes in the yarn during tensile loading. In the case of T-13 yarn, the stretching process involves complex structural transformations related to the relative displacements between fibers. These structural rearrangements primarily determine the character of the F(ε) relationship—that is, the specific tensile behavior of glass yarns. From the F(ε) diagram, it is possible to determine the actual deformation modulus Ef or the secant modulus E. To evaluate these moduli, an averaged F(ε) curve is used (Figure 1b).
Table 2 presents the experimental results for determining the maximum values of the parameters F, ε, A, and t for the T-13 material (with a linear density of 68 tex) under a tensile speed of Vn=500 mm/min. Table 3 shows the influence of tensile speed Vn on the obtained values of F, ε and t for the same material (68 tex).
TABLE 2. Maximum values of breaking force, strain, and time to failure
	Number of tests
	Yarn grade
	F
(cN)
	ɛ
(%)
	А
(сN*cm)
	t
(s)

	1
	Т-13
(68 tex)
	4125,44
	11,55
	12601,24
	7,14

	2
	
	4261,42
	12,37
	14022,24
	7,58

	3
	
	4307,72
	12,47
	14344,27
	7,64

	4
	
	4311,85
	12,51
	14466,53
	7,69

	5
	
	4256,07
	12,12
	13578,08
	7,47

	6
	
	4378,04
	12,62
	14690,57
	7,75

	7
	
	4471,20
	13,41
	16453,21
	8,19

	8
	
	4344,06
	12,74
	14991,02
	7,86

	9
	
	4499,24
	13,66
	16927,04
	8,41

	10
	
	4422,44
	13,00
	15672,58
	8,02


TABLE 3. Effect of Tensile Speed on Calculated Values (Glass Yarn T-13)
	№
	V
(mm/min)
	Fmax (cN)
	Fmin (cН)
	ɛmax
(%)
	ɛmin
(%)
	tmax
(s)
	tmin
(s)

	1
	500
	4499,24
	4125,44
	13,66
	11,55
	8,41
	7,14

	2
	1000
	4574,70
	4249,62
	13,51
	11,65
	4,23
	3,57

	3
	1500
	4624,65
	3594,63
	14,01
	9,67
	2,91
	2,03

	4
	2000
	4557,69
	4222,37
	13,48
	11,49
	2,14
	1,81

	5
	2500
	4624,33
	4289,93
	14,25
	11,92
	1,81
	1,54

	6
	3000
	4541,57
	4282,25
	13,59
	12,01
	1,43
	1,26

	7
	3500
	4661,26
	4450,35
	14,69
	12,27
	1,37
	1,15


As is well known, unlike yarn, textile fabrics have two dimensions: length and width. Here, the results of tests on fabrics made from T-13 material are presented. Figure 2 shows the tensile trajectory, which exhibits nonlinear behavior.
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	а)
	b)

	FIGURE 2. Experimental tensile force–strain curves for the fabric: a) longitudinal tension; b) transverse tension.



TABLE 4. Results of tensile tests of T-13 fabric samples in the longitudinal direction
	Number
colour
	Maximum power
(N)
	Maximum elongation (mm)
	Stress
(MPa)
	Breaking force 
(N)
	Elongation at break 
(mm)

	1
	1456,900
	6,11
	72,845
	1074,30
	6,63

	2
	1142,400
	5,53
	57,120
	1092,60
	5,34

	3
	976,300
	5,20
	48,815
	976,30
	5,20

	4
	858,200
	4,40
	42,910
	854,60
	4,59


TABLE 5. Results of tensile tests of T-13 fabric samples in the transverse direction
	Number
colour
	Maximum power 
(N)
	Maximum elongation (mm)
	Stress
(MPa)
	Breaking force
(N)
	Elongation at break (mm)

	1
	1061,300
	3,94
	53,065
	948,80
	4,11

	2
	959,000
	3,13
	47,950
	927,70
	2,96

	3
	853,200
	2,76
	42,660
	853,20
	2,95

	4
	842,400
	2,73
	42,120
	842,40
	2,73


Following the methodology of [8], and based on experimental and theoretical investigations, the key parameters of the deformation and strength processes of yarns and fabrics have been determined.
CONCLUSION
Constitutive models for textile materials are presented based on differential operator relations. The study addresses the modeling of deformation processes and long-term strength of textile yarns and fabrics, taking into account accumulated damage. To determine the deformation properties of cotton yarn, experiments were carried out using a standard tensile testing machine. Deformation diagrams were constructed for the T-13 material, and various calculated results are presented in the form of graphs and tables.
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