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Abstract.Optimizing the Service Life of Equipment: An Economic and Mathematical Approach. This paper examines machines of a specific make (model). We characterize the condition of the equipment by its operating time since the start of operation. During operation, the machine's performance characteristics degrade, and it may also experience complete or partial failures, leading to additional losses. After a complete failure, the machine is disposed of, but after a partial failure, it can be repaired, if efficient, restoring it to its previous condition. Over time, the failure rate increases. In these circumstances, it is advantageous for the enterprise to establish a designated service life for the machine, after which (if no failure has occurred) it is subject to disposal. The problem of optimizing this term is being solved. Typically, to solve it, either the average costs per unit of time (including the time to eliminate the consequences of the failure) or reliability indicators or other indicators that do not fully reflect the commercial interests of the enterprise owning the   machine are used as an optimality criterion. Using the principles and methods of asset valuation allows us to build an economic and mathematical model that allows us to calculate the optimal designated service life of the machine and simultaneously assess the market value of the work performed by it. In this problem, the ratio of expected discounted costs to the expected discounted amount of work performed by the machine is the optimality criterion. This criterion allows us to simultaneously maximize the value of the enterprise owning the machine. A comparison is made between the proposed and alternative optimality criteria. The use of the constructed model also allows us to estimate the market value of machines in different states. An example is given in which machine failures have a Rayleigh distribution. The proposed general approach can be used both in solving other optimization problems in reliability theory and for practical valuation of certain types of machinery and equipment.
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SETTING THE TASK
This article focuses on the problem of choosing the optimal service life of a technical object. This problem has been extensively studied in both economic and technical literature for many years. The first publications on this topic in Russia appeared back in the 1930s [1-4], but this topic became especially relevant in the 1960s and 1980s due to the need for a well-reasoned establishment of depreciation rates. In Western literature, the problem of optimizing service life began to be actively addressed, starting with the works [5; 6]. Almost all relevant works acknowledged that the technical condition of the object deteriorates over time; however, the dynamics of its technical and economic characteristics were assumed to be deterministic, and the optimality criteria were cost-based (for example, the minimum reduced costs per unit of output).
Essentially, the same task was solved in reliability theory when establishing assigned service lives or replacement times for objects subject to failures. However, here, the object's productivity and operating costs were usually considered constant; the impact of inflation was generally not taken into account, but the time-varying reliability characteristics of the object were considered. The optimality criteria in this case were of a technical or cost-based nature [7-12]. Thus, quite often the authors set the task of minimizing the ratio of average costs per object usage cycle to the average cycle duration or a similar indicator that takes into account the time difference of costs, the annual annuity of total costs per cycle. However, as rightly noted in [13], many of these criteria do not reflect the economic interests of the business.
This article presents a different approach to optimizing the service life of technical objects, directly linked to the economic interests of market participants, focused on the valuation of objects, and based on the provisions of International Valuation Standards [14]. To construct the corresponding mathematical model, we use the methods of reliability theory and valuation theory.
The definitions of different types of value and valuation methods for various assets are outlined in valuation standards and specialized literature (e.g., in [15]), and we will not dwell on them. We will only note that the market value (MV) of an asset on a specific date (the valuation date) reflects the price (real or hypothetical) of a transaction with this or an identical asset, made on the same date in an open competitive market between market participants who are acting prudently and sufficiently informed about the asset and the market situation.
Hereinafter, we will limit ourselves to considering only technical objects that have the following properties.
1. The facilities are mass-produced, according to the same project, are represented in the primary market in a fairly large number and are used by enterprises participating in the market. We combine all these objects into one brand (the term "model" is more often used in the technical literature) 
2. They are designed to perform a specific job and are used for their intended purpose until the end of their service life[footnoteRef:1].  [1:  This work can also be of an aggregated nature, such as the movement of soil.] 

3. Objects that have been in operation for some times (used) are traded on the secondary market. Facilities that are further technically impossible or economically impractical to use for their intended purpose are decommissioned and disposed of. In the theory of reliability, the condition of such objects is called marginal. Such objects (in the form of a set of parts, assemblies, and materials) are traded on the scrap market. Their market value is called disposal value.
4. During their operation, these assets are subject to degradation (i.e., their technical condition deteriorates). To mitigate the effects of degradation and, if possible, maintain the asset's condition, technical maintenance is performed, usually during non-operating hours. The costs of technical maintenance are included in operating expenses.
5. During their operation, they are subject to random failures of two types, as in [16]. In the event of a complete failure, the company incurs associated losses (damage, costs to remedy the consequences of the failure, less income from the disposal of damaged property), and the asset is decommissioned. In the event of a partial failure, the asset undergoes current repairs, "returning" it to the state it was in immediately before the failure (such repair in reliability theory is called minimal). 
The duration of current repairs is random, and the costs of such repairs (we do not include them in operating expenses and account for them separately) are proportional to their duration. Repairs that improve the technical condition of the asset (overhaul, intermediate repairs) are not carried out.
For the sake of brevity, we shall henceforth refer to such technical entities as "machines" (of a specific make). The condition of a machine will be characterized by its operating time (the duration of its service since initial use) and measured in years or fractions thereof[footnoteRef:2]. In addition, up to section 3, we will assume no inflation. [2:  I usually measure the operating time in hours, which is not very convenient for our purposes. For calculations, we assume that 1 year is 8760 hours.] 

The market value of a vehicle is a crucial economic indicator. The market value of new vehicles is typically determined by pricing data from the primary market, where comparable vehicles are sold, and does not pose any significant challenges. However, all used vehicles are unique, and estimating their market value presents significant challenges. 
Since the work performed by a machine has utility for market participants, it also possesses a market value (MV), according to appraisal standards [14], which, in principle, can be assessed using well-known methods. However, appraisers typically evaluate only certain types of work performed by machines (e.g., the transportation of goods and passengers). Some machines are often rented out, and then the cost of the work they perform can be estimated based on market rental rates. At the same time, a significant proportion of machines perform individual operations in a single technological process, therefore, although the volume of such work is usually measured, their efficiency is not estimated. Based on this, we believe that the MV of the unit of work performed by the machines in question is an unknown quantity to be evaluated.
By the benefits derived from the use of a machine in a given period, we mean the net output of work performed by it during that period, after deducting the operational costs necessary for this. Essentially, the benefits from the use of fixed assets are assessed in the same way in the systems of national accounts when estimating the consumption of fixed capital [17, Chapters 6 and 20] (although there the benefits are referred to as the 'contribution of an asset to production').
Next, we will talk about (real or hypothetical) machines of one particular brand (model, modification) that are in different states at the assessment date. It is assumed that it is at this moment that the machines of this brand are assigned a service life (maximum operating time) S.
We introduce the following notation for their characteristics.
	W(t)
	— machine performance in state t (with operating time t)

	C(t)
	— the intensity of the operating costs of the machine in state t (the sum of such costs carried out in a small unit of time);

	p
	— (unknown) MV units of work performed by machines;

	V(t)
	— PC of the machine in state t (at t>0 — unknown value);

	K=V (0)
	— PC of the new car (considered famous);

	U
	— recycling cost of machines (it is assumed that it is known and does not depend on the operating time of the machine being disposed of);

	(t)
	— the danger of a complete failure of the machine in the t state;

	(t)
	— the danger of a partial failure of the machine in the t state;

	d
	—  the percentage of machine downtime due to other reasons in calendar time;

	L
	— losses incurred in case of complete machine failure;

	h(x)
	— distribution density of the random repair duration;

	R
	— MV of repair work carried out per unit of time.


Considering that the machine undergoes degradation during operation, we consider the function W(t) to be decreasing, and the functions C(t), (t), and (t)  to be non—decreasing, with at least one of them growing indefinitely at t∞.
In these designations, the intensity of benefits brought by a serviceable machine in state t is. 
Given the degradation of the machine and possible losses in the event of its complete failure, in many cases, it is advisable to assign the machine a certain service life (maximum operating time) S, after which the machine must be disposed of regardless of its technical condition.
Our task is to select the optimal time limit (maximum operating time). However, to do this, we will have to simultaneously evaluate both the reliability of the V(t) machines, which are in different states, and the reliability of the p units of work they perform. This approach to solving such problems was described in [18] as applied to a relatively simple situation where any failure is complete, and current repairs are not carried out. This article explores a more realistic situation.
When addressing the problem at hand, we will need to correlate the machine's operational output with the calendar time of its utilization. In this context, it is important to note that the calendar (annual) time fund for machine utilization is typically divided into its operational time, the time spent on maintenance and repairs, and downtime due to other reasons, including downtime on non-working days and shift breaks as per regulations. The brand's machines under consideration do not undergo major overhauls, and their maintenance is carried out during non-working houMV. Furthermore, it is generally accepted that for each type of machine, the proportion (d) of downtime due to other reasons within the calendar fund remains constant, irrespective of the machine's condition. In this case, a proportion of 1-d of the calendar fund is allocated to work and the vehicle's current maintenance. Subsequently, we will apply this ratio not only to the annual period but also to periods of different durations. Therefore, if during a certain period a machine operated for a duration t without any failures (and, consequently, did not require any repaiMV), then the calendar length of this period was n = 1/(1-d) times greater than the actual operating time, i.e., it amounted to nt. To put it simply, we will assume that 1 hour of the machine's operational time is equivalent to n houMV of calendar time.
 OPTIMIZATION MODEL
We will be interested in RS machines, which are in different states, at the date of assessment. To evaluate them, we will use the principle of anticipation of benefits mentioned in the valuation standards [13]. For our purposes, it is convenient to use it in the following formulation [19].
The present value (PV) of an asset as of the valuation date should not exceed the expected sum of discounted cash flows from the asset's use over the forecast period and the PV of the asset at the end of the period. This sum should match the PV if the asset is used in the most efficient manner. 
Firstly, our model takes into account the random nature of the benefits brought by the machine. Therefore, the term "expected" here should be understood as the mathematical expectation (in [14] - weighted by probabilities).
Secondly, in our model, the corporate income tax is not considered when calculating benefits. Therefore, a risk-free pre-tax nominal rate should be used for discounting (in the absence of inflation, it coincides with the corresponding real rate), let's denote it as r. A similar rate Y, expressed as a percentage per annum, is usually estimated from data on the yield of government bonds. In our model, time changes continuously, so the corresponding rate, reflecting the annual yield with continuous compounding, is related to Y by the following dependence: .
It is important to note that the principle of expected benefits ensures market equilibrium. Indeed, selling property at a lower price becomes unprofitable for a rationally behaving seller (it becomes more advantageous for them to use their property more efficiently), and buying property at a higher price becomes unprofitable for the buyer, who will not be able to obtain the same benefits from using the property, no matter how they use it.
It is important to remember that, in line with this principle, the calculation of a machine's MV value also includes the simultaneous identification of the most efficient way to utilize it. In this case, the various ways of using the machine differ only in the values of its assigned service life. Therefore, by finding the resources of the machines, we will simultaneously find their optimal service life. Let's assume that this term S is known to us. Let's consider a vehicle at time t on the valuation date, possessing a value of V(t). If this vehicle is utilized for its intended purpose over a short period dt, three scenarios may unfold.
1. A complete failure will occur with a probability of 𝜆(t)dt. This will result in additional losses L. 
2. A partial failure of the machine will occur with a probability of 𝜇(t)dt. Its repair will require a random (calendar) time x. In this case, at the end of the repair, the car will be in the same condition t and will have the same value V(t). In this case, the sum of the repair benefits discounted to the valuation date (i.e. the repair costs taken with a minus sign) and the residual value of the car after the repair will be equal to . The expected value of this sum will be , where 
		(1)
1. The machine will operate flawlessly. In that case, it will generate profits amounting to . Furthermore, as the machine has operated for dt houMV in this periodConsequently, the calendar duration of this period amounted to ndt. By the end of this period, the machine will have accumulated operating time t+dt and a corresponding value of V(t+dt).
Given the probabilities of the possible situations outlined, and by applying the principle of expected value, we can formulate the following inequality for the present value (PV) of this machine at the start of the period:
		(2)
The equality sign here is only valid if the machine's intended use is the most efficient, i.e., when t < S.
Let us now introduce additional notation:
		(3)
		(4)
Here, ρ(t) can be interpreted as the (nominal pre-tax) discount rate, α(t) as the corresponding discount factor, and E(t) as the intensity of expected costs associated with the machine's operation in state t for its intended purpose, its potential repair, and eventual decommissioning.
Transforming formula (2) and using the introduced notation, it is easy to obtain the following inequality, which becomes an equality only when t < S:


This inequality can also be expressed in another form:
		(5)
Integrating inequality (5) over the interval 0 < t < s, we obtain that:

Since V(0) = K and α(0) = 1, it follows that
		(6)
Let us now observe that V(s) > U for all s, and denote:

		(7)
From inequality (6) it follows that p < Z(s) for all s. Now, consider that inequality (5) becomes an equality for all t < S. Therefore, at s = S, inequality (6) also becomes an equality:

	 	(8)
However, the machine in its ultimate state S has a salvage value, so V(S) = U, and then from (8) it follows that p = Z(S).
The quantity Z(s) defined by formula (7) can be interpreted as the ratio of the total discounted expected one-time and operating costs (less the benefits from disposal) over the operating time s to the total discounted amount of work performed over the same time, and can be interpreted as the unit costs per unit of work during the operating time s.
Thus, the (unknown) unit cost of work (UCW) is no greater than the unit expenditure for any operating time, but it coincides with this unit expenditure if the machine's operating time matches its limit operating time (LOT) S. In other words, at the optimal service life (limit operating time) of the machine, the value of the unit expenditure reaches its minimum, and this minimum value exactly matches the UCW of the work performed by the machine. This method of evaluating the cost of work can be classified as the so-called cost-based approach [14; 15].
It is important to note another significant property of the optimal service life. Since at s = S the specific costs (6) reach their minimum value p, the optimal operating time S can be found by equating the derivative of the right-hand side of (7) with respect to s to zero. Performing the necessary calculations, we obtain the following equation for S:
		(9)
The expression (S)U herein can be interpreted as the expected opportunity cost of retiring the machine. Indeed, let's assume that the machine owner decides to retire it (and thus, receive the benefits from retirement) not at the end of its optimal service life, but a small unit of operating time earlier. It's easy to verify that, considering potential failures, their expected benefits from retirement would amount to (S)U. Therefore, by retiring the machine upon reaching the operating time S, and not earlier, they forgo these benefits. It follows from this and formula (8) that the unit cost of work is equal to the expected sum of operating costs and the opportunity cost of retiring the machine per unit of work performed by it at the end of its optimal service life.
The constructed model enables the valuation of machines in any condition. To accomplish this, it's observed that machines in states s > S possess a salvage value, thus for them V(s) = U. Now let's consider s < S. Consequently, since inequality (4) transforms into equality for any t < S, then


Integrating this equality over the interval s < t < S, we obtain:

From where, given that V(s) = U, does the desired formula follow:

	 	(10)

Therefore, the value of PC machines at the valuation date can be interpreted as the sum of the discounted (taking into account the risk of failures) expected benefits from their use and disposal over the remaining period until they reach their limit.
Accounting for Inflation
Up until now, we've been operating under the assumption that inflation doesn't exist. However, prices within a country change over time, and it's important to factor this into our optimization of machine lifecycles.
One might think that simply incorporating price forecasts for new machines and the resources required for their operation and maintenance would suffice. However, it turns out that this isn't enough. We also need to consider the technological advancements in machine production and application, which lead to changes in the performance characteristics (PC) of the work they carry out.
What's more, we need to forecast the necessary prices and costs over an extended period that exceeds the lifespan of the machines. Consequently, solving this problem requires predicting a large number of economic indicatoMV, which is practically impossible. Therefore, we have to make simplifying assumptions to account for inflation.
It turns out that price changes in the primary and secondary markets for machines are accurately described by the assumption of a group-specific nature of inflation. This type of inflation is characterized by the rate of price increase (and, consequently, market values) of new machines of a particular brand—the rate of group-specific inflation. Simultaneously, the performance characteristics (PC) of machines in the same condition, as well as the performance characteristics (PC) of the work they perform, increase at the same rate.
It's crucial to keep in mind that analyzing machine prices in the primary market allows appraiseMV to assess the group-specific inflation rate that has developed in the retrospective period and provide a forecast value i (in percent per year) for the near future.

Applying the same approach as in [18; 20], it can be shown that with the group nature of inflation, all model ratios remain unchanged, however, the nominal discount rate (r) in the calculation formulas is replaced by . We will refer to this rate as the inflation-adjusted rate.
DISCUSSION OF THE RESULTS
At fiMVt glance, the formulas derived appear similar to those traditionally used in cost valuation and reliability theory. For instance, the specific cost criterion (7), in a situation where machine productivity doesn't change over time and time changes discretely, seemingly transforms into an expression for the annual annuity of expected total costs for acquiring and using the machine until the end of its service life. Nothing fundamentally new is evident in formula (10) either, which links the machine's RC to the expected discounted benefits from its subsequent use until the end of the designated term. However, the superficial similarity of the formulas and their interpretations shouldn't be misleading.
To begin with, the specific cost criterion (7) diffeMV from those commonly used in reliability theory. For example, the criterion of average (over the service life) expected costs per unit of time is often employed there to optimize the service life. In this approach, the time variance of costs and results isn't taken into account, and the impact of repaiMV is essentially counted twice: in the numerator (as the expected cost of repaiMV) and in the denominator (as the expected time spent on repaiMV). In some works, the time variance of costs and results is considered, and in [21], a criterion close to ouMV was derived from probabilistic considerations. However, in such works, the machine's characteristics (e.g., cost probability distributions) are associated with its age rather than its operating time, and the impact of degradation on machine productivity isn't taken into account.
What is more important is that criterion (7) was derived from the condition of the most efficient use of the machine. By applying such a criterion, businesses that own machines, in essence, maximize their market value, which aligns with their economic interests[footnoteRef:3]. In this context, it's interesting to note that in article [7], the optimal (according to the traditional criterion) service life of objects is determined using indicatoMV interpreted as the value of objects in different states. However, this article doesn't further discuss the connection between the problem being solved and the theory of cost estimation. Now, let's draw attention to the fact that the interpretations of formulas (7) and (10) given above were accompanied by the words "can be interpreted". This is not accidental: [3:  The concept of enterprise management focused on maximizing its value is called Value Based Management (VBM). It has been the subject of extensive literature, which we will not dwell on in detail.] 

The corresponding interpretations were provided solely for illustrative purposes and do not fully reflect the economic meaning of these formulas. 
The standard discount factor α(t) is applied to costs or results incurred at time t after the reference point. In formulas (7) and (10), this factor, defined by formula (3), is applied, for example, to the machine's performance W(t). However, this characteristic refeMV to a machine with an operating time of t, not an age of t. In this case, the age of a machine with such an operating time will be random, since before reaching the operating time t, the machine may be subject to one or more partial failures. Similarly, to discount the residual value in the indicated formulas, the discount factor α(S) is used, although the age of the machine at the time of its disposal may be less. Moreover, since a machine that has survived to the moment when its operating time becomes equal to t may have a different age, it is necessary to use some "average" coefficient to discount the costs and results of such a machine.	Therefore, in our model, the value α(t), determined by the fiMVt of formulas (4), is precisely such an average discount factor for the costs and results of a machine with an operating time of t.
The discount rate is typically taken as the sum of the risk-free rate and a risk premium, both of which can change over time. Formula (3) would seem to have the same form. However, things are not so simple here either.
As in the "usual" case, the discount rate (3) reflects both the risk-free rate rn and the risk premium for complete default λ(t), which reflects the danger of default.

It is true that the risk-free rate[footnoteRef:4], in this context, does not reflect the return on alternative risk-free investments over a calendar year, but rather over the actual service life (n calendar yeaMV in the absence of partial failures). However, there is another component in rate (3) – that is  . [4:  Strictly speaking, this rate doesn't solely account for the risk associated with a potential complete breakdown of the machine. Other risks, such as natural disasters, should be factored into this rate. However, the risk of bankruptcy of the enterprise owning the machine shouldn't be considered here, as the machine would simply pass to another owner and continue to be used for its intended purpose.] 



Its occurrence is attributed to the fact that during a partial failure, the machine is, in effect, "out of commission" for the duration of the repair, and then "returns" to its previous operational state. The magnitude of the corresponding effect depends on the frequency of failures and the length of repaiMV, which is reflected in the multiplieMV, respectively  и . It is worth noting that similar adjustments, which account for the distinction between operating time and age, have not yet been introduced in works on reliability theory.
Experimental Calculations
A series of calculations were performed using the following initial data:
· Inflation-adjusted discount rate: r = 0.07 per year
· Cost of a new machine: K = 100 monetary units (m.u.)
· Salvage value of the machine: U = 9 m.u.
The operating time until complete and partial failure follows a Rayleigh distribution with mean values of Tc and Tp yeaMV, respectively. The failure rates for both complete and partial failures are proportional to the operating time: 
,
Where  
the dependence of productivity and the intensity of operating costs on operating time . The calculations took c=15 days/year, h=0,02, j=0,03;
the share of downtime due to other reasons in the calendar time fund depends on the shift schedule of the machine. For two-shift work, d=0,558, n=1/(1-d) =1/0,442=2,26, with a single shift — d=0,779, n=4,52;
The time spent on a car under repair has an exponential distribution with an average of 0.2 yeaMV. In this case, , and then, by virtue of the formula (1), =0,9862; =0,1972 of the year.
Figure 1 shows the dependences of the optimal assigned service life S on the failure losses (L) for different combinations of Tc and Tp and two-shift operation of the machine. The effect of shift work is shown in Fig. 2. Similar dependencies are shown here for Tp= 2 yeaMV, Tc= 8 and 4 yeaMV in relation to one- and two-shift machine operation.
[image: ]
FIGURE. 1. Dependences of the assigned service life S (yeaMV) on failure losses (L) for different combinations of Tc and Tp and two-shift operation of the machine.

[image: ]
FIGURE. 2. Dependences of the assigned service life S (yeaMV) on failure losses (L) at Tp = 2 yeaMV, Tc= 8 and 4 yeaMV and different shifts of the machine.

Note that the optimal designated service life S depends most strongly on the risk of partial failures and the relative (relative to the PC of the machine) magnitude of losses in case of complete failure. However, if the losses from total failure are relatively high, then the optimal service life practically does not depend on the risk of partial failure. The change in the PC of machines with age for some combinations of Tp, Tc, L and n was estimated using formula (10). However, as in [18], it turned out to be convenient to present the calculation results in the form of dependencies of the percentage of shelf life of machines (PGF, Percentage Good Factor, ratio of PC of a machine to PC of a new machine V(t)/K as a percentage) on their relative age t/S (ratio of age to service life). Such dependencies are shown in Fig. 3. 
[image: ]
FIGURE 3. Dependences of the coefficient of durability of machines on their relative age for Tp=2. Note that, despite significant differences in reliability characteristics and optimal service life, the obtained dependences turned out to be quite close. Dependencies corresponding to other combinations, Tp, Tc, L, and n, also turn out to be close to the constructed ones.

CONCLUSION
The traditional approach to establishing designated service lives for assets does not fully align with the interests of market participants. An alternative approach is proposed, grounded in the theory of cost valuation and focused on maximizing the market value of the asset owner's enterprise. This approach enables the simultaneous optimization of the asset's designated service life and the assessment of the market value of similar assets in varying conditions, as well as the market value of a unit of work performed by them. It is demonstrated that the optimal designated service life of an asset ensures the minimum expected specific discounted costs – the ratio of expected discounted costs for the acquisition and operation of the asset and the elimination of the consequences of possible failures to the expected discounted volume of work performed by it.
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