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Abstract. Truncated conical shells located in the environment are used in many areas of industry and construction. 

Therefore, determining their strength, determining the displacements and stresses of the cross-sectional points are 

considered urgent problems of mechanics. In this work, the refined equation derived by the authors is adopted as the 

torsional vibration equation of a circular truncated conical shell and the equation is solved using the finite difference 

method. The shear stresses on the conical surfaces are determined using the finite difference method and depicted in graphs. 

INTRODUCTION 

Circular truncated conical shells are one of the main elements of engineering structures. Determining the 

displacements and stresses in them is one of the current issues of modern mechanics. Determining the vibration of 

truncated conical structures, or FSC, is a complex issue. Mathematical modeling of torsional vibrations of elastic 

conical shells, which takes into account the forces on the inner and outer surfaces of the conical shells, is a more 

complex problem [1-4]. 

The study of the dynamic state of conical shells by deriving vibration equations is carried out based on the physical 

and mechanical properties of the material [5-7]. The development of a mathematical model of the vibrational motion 

process and the creation of a calculation algorithm provide a basis for drawing more precise conclusions about the 

process [8-11]. Most research studies are conducted based on refined equations of elasticity theory rather than classical 

theory [12].  

Therefore, in [13], the equations of torsional vibration of a circularly truncated conical shell were derived based 

on the refined equations of elastic theory. In this work [14-15], the torsional vibration equations of a circularly 

truncated conical shell are numerically solved. A conical shell with an inner radius r0  and a thickness h at a section 

z=0. Inner and outer radii of a conical shell 
1 0r r fz= + and 

2 0r r h fz= + + . 

PROBLEM FORMULATION 

We consider a circular truncated conical shell in a cylindrical coordinate system Or z . We consider the circular 

truncated conical shell to be located in a deformable medium. The angle between the axis of symmetry and the 

truncated conical shell is   (Figure 1). In this case, the components of the displacement and deformation tensor will 

not depend on the particle  . In this case, U  of the displacement tensor components, ,r z    of the strain tensor 

components, and ,r z    of the stress tensor components are nonzero. To derive the torsional vibration equations of 

a circular truncated conical shell, we represent the displacements, deformations, and stresses in terms of   potential 
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functions. Substituting the expressions of the stresses in terms of potential functions into the equations of motion, we 

obtain the following. 

  

FIGURE 1. Conical shell in an elastic medium 
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The initial condition is as follows: 

 
2 2

(0) (1)( , , ) ( , , )r r r rU r z t U r z t = ==  (3) 

The problem thus posed was reduced to solving eq. (1) with (2) boundary conditions and (3) initial conditions. 

SOLUTION OF THE PROBLEM 

By solving the problem, a system of differential equations for torsional vibrations of a circularly truncated conical 

shell located in a deformable medium is derived [15]. The complete derivation process is presented in the work. 
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Here, coefficients ,ij ija b are constants depending on the geometric dimensions and physical parameters of the material.  

For example,  

 
2 2

1 1
11 11 1

1
;.... ln ;...

4 8 4

r r
a b r

 
= = − 

 
  

This equation (4) represents the equation of torsional vibration of a circular truncated conical shell located in a 

deformable medium. Using the finite difference method, we arrive at the following system of algebraic equations. 

 (0) (0) (0) (0) (0) (1) (1)

11 , 1 12 , 13 , 1 14 1, 15 1, 11 , 1 12 ,i j i j i j i j i j i j i jA U A U A U A U A U B U B U+ − + − ++ + + + + + +  
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Where ijA  and ijB are coefficients and time and coordinate steps and are constants depending on.  
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For example,  
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Similarly, we express the boundary conditions in finite difference terms as; 
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Boundary conditions at z l=   
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We solve the system of eqs. (5) – (8) together. We divide the time and coordinate interval into 20 step segments. To 

determine the displacements and stresses at the points of the cross section of the circular truncated conical shell, we 

also express the displacements and stresses in finite difference form:  
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RESULTS AND DISCUSSION 

To solve the system of eqs. (5) –(8) together, we use the mathematical software package Maple 17. We assume 

the geometric and physical-mechanical characteristics of the conical shell and the external environment as follows; 

The shell length is 0.8m, yhe inner radius 0.03m, the thickness is 0.005m, the angle of deflection is  20. The material 

of the conical shell is taken as steel (E=21011 Pa; ν=0.25; ρ=7850 kg/m3), in the first case, and aluminum (E=0.71011 

Pa; ν=0.35; ρ=2750 kg/m3) in the second case. We assume that the deformable external environment is sand. For sand 

(E=5107 Pa;  ν=0.3;  ρ=2000 kg/m3)  

Figure 2. shows a graph of the z-coordinate variation of the displacement vector component for different values of 

the torque applied to the z=0 end of a circularly truncated conical steel shell located in a sand environment when the 

angle This graph Fig. 2. shows that when the value of the torque is 5kNm , the maximum value of the displacement 

of U  is 0.002, when the value of the torque is 15kNm , the maximum value of the displacement of U  is 0.0062, and 

when the value of the torque is 25kNm , the maximum value of the displacement U is 0.013. of attack is 20. 
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FIGURE 2. Graph of the vector of the displacement component U  of a steel shell in sand as a function of the z coordinate at 

different values of the torque 

 

At all values of the torque, the graphs of the U  displacement vector components begin to fade after passing 

through the section z=0.3. Now, to make the results more reliable, we will assume that the shell material is aluminum 

(Fig.3). Here too, we apply torques of 5kNm , 15kNm , 25kNm  and 1, respectively, to the free end of the conical shell 

at z=0.  

 

FIGURE 3. Graph of the variation of the displacement component of an aluminium shell U  in sand as a function of the vector z 

coordinate at different values of the torque 

 

The modulus of elasticity of the aluminum material shell is softer than that of the steel material. Therefore, the 

value of component U  of the displacement vector should be larger when the shell material is aluminum. Fig. 3. shows 

that the values of the displacement vector component are 0.0053 at the value of the torque 5kNm , 0.018 at the value 

of 15kNm , and 0.033 at the value of 25kNm . 
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FIGURE 4. Graph of the variation of stresses in a shell aluminium in a sand environment as a function of the z coordinate. 

 

 

FIGURE 5. Graph of the variation of stresses in a shell steel in a sand environment as a function of the z coordinate. 

 

It can be seen from these that the values of displacement U  obtained when the shell material is aluminum 

are significantly larger than those obtained when the shell material is steel. For example, it can be seen that the value 

of the displacement of a conical shell made of steel at a torque of 15kNm  is almost three times smaller than the value 

of the displacement of an aluminum shell.  
Figure 4.  shows the graph of the change of the stress vector component 

(0)

r  as a function of the z coordinate 

when the material of the circular truncated conical shell is aluminum and the external environment is sand. In this 

case, the angle of attack was 20 and the values of the turning moment increased. As the value of the turning moment 

increased, the points of the circular truncated conical shell had more stress.  

Figigure 5. shows the graph of the change of the stress vector component 
(0)

r  as a function of the z coordinate 

when the material of the circular truncated conical shell was copper. Figure 5. also shows that as the turning moment 

applied to the free end of the circular truncated conical shell z=0 increased, the stresses also increased. 

CONCLUSIONS 

The torsional vibration equation of a circular truncated conical shell located in a deformable medium was solved 

using the finite difference method. The displacements and stresses at the points of the truncated conical shell were 

depicted in graphs. From the graphs, it was concluded that the greater the density of the circular truncated conical 

shell material, the smaller the displacements and stresses in it. 
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