Analysis of Dynamic Absorber Efficiency in Random Vibrations of a Beam
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Abstract. In this work, the mean square values of displacements and base accelerations in the vibrations of a hysteresis-type elastic dissipative characteristic beam with variable cross-section in combination with a hysteresis-type elastic dissipative characteristic dynamic absorber under the influence of random excitations were determined analytically depending on the system parameters. The effectiveness of the dynamic absorber was evaluated based on the expressions of the mean square values of displacements and base accelerations. The change in the damping efficiency at different values of the parameters was investigated. In particular, the change in the mean square values of displacements and base accelerations around the resonance frequency with a change in the parameter characterizing the spectral width was analyzed and conclusions were drawn.
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Introduction 
In modern technology and equipment, the study of vibrations, taking into account the nonlinear dissipative characteristics of materials in machines, mechanisms, devices and their elements, and the determination of their dynamic characteristics as a result of stability and verification of their stability condition are considered urgent problems in terms of ensuring their long-term effective operation. 
There are many scientific research works on mathematical modeling of vibrations of distributed parameter systems, taking into account their dissipative characteristics, and on checking the stability of their damping and harmful vibrations. In particular:
The work [1] considered transverse vibrations of a beam with a uniformly decreasing thickness starting from one end. The vibration velocity was analyzed. It was shown that the obtained differential equations have an exact solution. Based on these solutions, a new method for solving the beam equation when the thickness change is not parabolic is proposed, and conclusions are given.
The work [2] presented numerical methods for analyzing vibrations of beams with variable cross-section. The Ostrogradsky-Hamilton principle was used to obtain the equations of longitudinal, torsional and transverse vibrations of beams. The boundary value problems given by differential calculation methods under various boundary conditions were solved and analyzed.
The work [3] studied nonlinear free and forced vibrations of discrete and continuous systems. The systems are mathematically modeled using Lagrange equations, and solution methods are developed.
The work [4] theoretically studied nonlinear systems depending on the change in the stability parameters of motion. Theorems are presented for the separation of stable and unstable areas of system motion. The stability of motion of systems represented by non-homogeneous differential equations with periodic coefficients is analyzed.
The work [5] provides theoretical information on the harmonic balance method used to investigate the vibration of nonlinear systems. The nature of the nonlinear coefficients in the differential equation of motion of the system is analyzed. In addition, a method for determining the characteristic equation for systems with hysteresis-type elastic dissipative characteristics is shown and justified. 
In the work [6], vibration forms of beams protected from vibrations were investigated by conducting experiments. The changes of the mode shapes with the change of frequencies are shown in the graphs, the conclusions about the effect of the frequencies on the mode shapes are drawn and the necessary recommendations are given.
In the work [7], the problems of determining the mode shapes, frequencies and optimal parameters of the joint vibrations of the second beam mounted on its free end as a dynamic absorber for a beam with one end free and the other end clamped were considered. In vibration damping, in addition to the ratio of the mass of the dynamic absorber to the mass of the beam, the damping efficiency is shown depending on the elastic properties of the beam installed as a dynamic absorber and its length. It was found that the flexibility properties and its length compared to the traditional dynamic absorber provided additional possibilities in the necessary design of this dynamic absorber.
In works [8-15], the theoretical foundations and applications of studying the dynamics and motion stability of nonlinear systems under the influence of various excitations are presented, and the issues of linearizing nonlinear characteristics are considered. The effectiveness of dynamic absorbers in various processes is evaluated.
Mathematical modeling of nonlinear mechanical systems, studying their dynamics, exploring the stability of their vibrations and reducing harmful vibrations at low and high frequencies were solved in the works [16-22]. The Stability behavior of the system was checked at different values of the parameters, conclusions were obtained as a result of numerical calculations.
The problem of determining the mean square values of nonlinear vibrations of a hysteresis-type elastic beam with a variable cross-section and a dynamic absorber under the influence of random excitations is one of the urgent problem.
Materials and methods
In this work, the problem of determining the mean square values of nonlinear vibrations of a hysteresis-type elastic beam with a variable cross-section and a dynamic absorber under the influence of random excitations was considered and numerically analyzed.
The system of differential equations of motion in transverse random vibrations of a hysteresis-type elastic beam with a variable cross-section and a dynamic absorber is expressed as follows as a result of the method of expanding the system into a series by eigenforms [22]:
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[bookmark: _Hlk146313661]where  coefficients determined from the nonlinear functional expressing the dissipative properties of the beam material; E is the modulus of elasticity;  is frequency of vibrations; c,  are the stiffness and mass of the dynamic absorber, respectively;,  are the density and cross-sectional area of the beam material, respectively;  is the Dirac delta function;  is absolute displacement of the beam; are absolute values of the mean square deviations of the beam;  is decrement of vibrations, is a function of the mean square values of the relative deformation,   are parameters of the hysteresis node determined experimentally, depending on the damping properties of the dynamic absorber material; ,  are coefficients depending on the dissipative properties of the dynamic absorber material, determined from the hysteresis surface;  are experimentally determined parameters of the hysteresis node, which depend on the damping properties of the beam material;  are natural frequencies of the beam;  ,  and  are width, height and length of the beam, respectively; is displacement of the base.
First, let’s reduce the system of differential equations (1) to a system of algebraic equations using the differential operator . Introducing the substitution  into the resulting system of algebraic equations, it is possible to determine the variables  and ζ: 
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Taking into account that the absolute acceleration of a hysteresis-type dissipative characteristic of a vibration-protected beam with variable cross-section consists of the sum of the relative acceleration and the base acceleration, and using expressions (2), we write the expression for the root mean square values of the absolute accelerations of the vibration-protected beam as follows:
		(3)
In order to calculate this integral expression, we obtain the following expression for the spectral density of the fundamental accelerations:
	 	 (4)
where  is the dispersion of the fundamental acceleration;  is the frequency with the highest probability in the vibration spectrum; α is a parameter characterizing the width of the vibration spectrum.
As a result, the integral (3) is expressed in the following form:
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The values of the integral (5) are as follows:

where  
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We calculate the integral representing the root mean square displacements of a beam with a variable cross-section and elastic dissipative characteristics of the hysteresis type, and after some simplifications we write
	  	(8)
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The expression of the mean square values  makes it possible to determine and analyze the dynamics and stability of the beam's vibrations under the influence of random excitations at different values of the parameters.	
Results and discussion
The beam material was 40X grade steel (), and for the boundary value problem, a beam with one end clamped and the other end free was considered. 
We numerically analyze the vibrations of a beam with one end fixed and one end free. The parameters are taken as follows: 
For the case where the cross section is variable:




For the case where the cross section is unchanged:


In order to analyze the deviation of the resonance curves from the vertical, we draw graphs of the  function in cases where the cross-section of the beam is variable and constant.
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	Figure 1. Graphs of the deviation of the resonance curve from the vertical in cases where the cross-section of the beam is variable (blue) and constant (red)



Figure 1 shows the graphs of the deviation of the resonance curve from the vertical in the cases where the cross-sectional width of the beam is variable (blue) according to the law and  is constant (red). From this it can be said that the deviation of the resonance curve from the vertical is less when the cross-sectional width of the beam is variable than when it is constant.
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	Figure 2. Energy distribution graphs for variable (blue) and constant (red) cross-sections of the beam



Figure2 shows the energy dissipation graphs for the cases where the cross-sectional width of the beam varies according to the law b=0.02+0.01 sin(80x) (blue) and b=0.02 is constant (red). From this it can be said that the energy dissipation is greater when the cross-sectional width of the beam varies than when it is constant.
	[image: ]

	Figure 3. (6) Graphs of root mean square absolute accelerations
() 



Figure 3 shows graphs of the change in the mean square values of the absolute accelerations of the beam (6) depending on the frequency at which the vibration probability is high at the values of the parameter α (. From these graphs, it can be seen that with an increase in the parameter characterizing the spectrum width, the root mean square values of the absolute accelerations of the beam, which vary according to the law  decrease. 
In order to analyze the dynamics of vibrations of a cross-section with elastic dissipative characteristics of the hysteresis type with a width of  and a constant width of  under the influence of random excitations, we analyze the change in the graphs of the expression of the mean square values (8) depending on the frequency at which the vibration probability is high. 
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	(b)

	Figure 4.  Changing the mean square values (8)




In the graphs in Fig. 4-a), the graphs of the expression of the mean square value (8) are presented for the cases where the cross-sectional width of the beam varies according to the law  and in Fig. 4-b)  is constant. From the graphs presented for both cases, it can be said that the mean square values of the beam with a variable cross-section are almost ten times smaller than in the case where the cross-section is constant. In addition, in both cases, an increase in the parameter α, which characterizes the width of the vibration spectrum, does not change the mean square value around the resonant frequency, but at a sufficient distance from the resonant frequency leads to an increase in the mean square value.
Conclusion
The expressions of the mean square values of the displacements and base accelerations of a beam with a hysteresis-type elastic dissipative characteristic with a variable cross-section were numerically analyzed. The changes in the mean square values of the displacements and base accelerations at different values of the parameters were shown on the basis of graphs, and the corresponding conclusions were drawn. It was shown that the deviation of the resonance curve from the vertical was less in the case of a beam with a hysteresis-type elastic dissipative characteristic with a variable cross-section than in the case of a fixed one. It was shown that the energy dissipation was greater in the case of a beam with a hysteresis-type elastic dissipative characteristic with a variable cross-section than in the case of a fixed one. The nonlinear vibrations of a hysteresis-type dissipative beam with a variable cross-section under the influence of random excitations were mathematically modeled and their mean square values were determined analytically for the general case depending on the system parameters. The expressions of the root mean square values of the displacements of a hysteresis-type dissipative beam with a variable cross-section were numerically analyzed. The changes in the root mean square values of the displacements at different values of the parameters were shown on the basis of graphs and the corresponding conclusions were drawn.
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