Groups Associated with Algebraic Structures of Complex Neutrosophic Soft Sets
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Abstract. Algebraic structures in groups, where binary operations play an important role, is essential in developing solutions to uncertainty problems in today’s world.  The combination of complex neutrosphic set and soft set produced complex neutrosophic soft sets. Basic set theories are developed to verify how neutrosophic soft sets are related. The relationship between complex neutrosophic soft groups and the classical soft groups, is investigated. A study of algebraic characteristics of complex neurosophic soft group, is presented to highlight its properties. Homogeneous complex neutrosophic soft sets are utilized to lead to the development of complex neutrosophic soft groups where the addition of the extra information presented by the phase term highly contributes to the final and more accurate decision needed. 
introduction
Neutrosophic logic offers a powerful tool for artificial intelligence (AI) systems to handle uncertainty, ambiguity, and incomplete information, making it particularly valuable in real-world complexities where classical logic systems may fall short. Traditional mathematical frameworks often fall short in effectively managing such complexities [1], prompting the development of advanced neutrosophic logic models. For instance, it could be applied to model the overall noise and disturbances in the system. This would be especially valuable in industrial settings, where such factors play a significantly more critical role.
The neutrosophic set (NS), introduced by Smarandache [2], extends fuzzy set theory to handle ambiguity by incorporating three membership functions: truth, indeterminacy and falsity. This enables a more versatile approach to dealing with uncertainty in real-world data. 
 In 2002, Ramot et al [3]. introduced complex fuzzy sets (CFS), which extend membership functions to the unit circle of the complex plane. Nadia [4] further enhanced decision-making frameworks by integrating CFS principles with soft sets, resulting in complex fuzzy soft sets. This innovation provided a novel perspective for decision-making applications. Later, in 2017, Ali and Smarandache [5] combined CFS with NS to create the complex neutrosophic set (CNS), a hybrid model capable of handling multiple dimensions of uncertainty where periodicity is incorporated. In the same year, Bera and Mahapatra [6] extended the concept of group theory by integrating it into neutrosophic soft set (NSS). They have also defined their Cartesian product in addition to providing some illustrative examples to develop the algebraic structures in this domain. Broumi et al. [7] explored both CNS and soft set models, leading to the formulation of the complex neutrosophic soft set (CNSS) model. This model proved effective in decision-making applications, particularly in addressing indeterminacy. Alsarahead and Ahmed [8] extended fuzzy soft group to the complex plan unit circle to produce complex fuzzy soft group (CFSG). 
[bookmark: _Hlk213124665]This paper delves into the properties and operations of CNSGs introduced by Fatimah et al. [9] to establish the definitions of union and intersection, and highlight the relationship between CNSG and soft group (SG). CNSGs expand the concept of complex fuzzy soft groups (CFSGs) from single (truth) membership function to three membership functions namely truth, indeterminate and falsity. The extra information provided by the phase terms included within the neutrosophic truth, indeterminacy and falsity membership functions, play a key role in determining the final decision. This advancement enables CNSGs to capture a broader spectrum of uncertainty and ambiguity, offering a more robust framework for AI systems. 


preliminaries
[bookmark: _Hlk213184799][bookmark: _Hlk213185123][bookmark: _Hlk213185153]Definition 2.1. [10]. Let   be a soft set over a group , then  denotes a soft group over  if and only if  is a subgroup of  for each  which implies:
1. ;
2.  for all 

Definition 2.2. [5]. Let be a CNS in the universe, characterized by three membership terms: , , and  . For any, these membership terms are confined within the unit circle on the complex plane, as illustrated below:
,,,
where ,, such that 

[bookmark: _2et92p0][bookmark: _tyjcwt]Definition 2.3. [8]. Let be a group and  be a homogeneous complex fuzzy soft set on. Then,  qualifies as a CFSG over  if and only if the following conditions are satisfied:
1.  for all , ,
2.  if , .

complex neutrosophic soft group
The following definitions and theorems examine the characteristics of CNSGs to emphasise their importance and demonstrate the potential in the decision-making world.

Definition 3.1. (Rahoumah, et al., 2024) Let  be a homogenous complex neutrosophic soft set on group . Then denotes a complex neutrosophic soft group on  if and only if for all , we have
1. ,
2. ,
3. ,
4. ,
5. 
6. [bookmark: _35nkun2].

[bookmark: _Hlk172327765]Theorem 3.2. Let  be a group,   be a collection of CNSG such that  is homogenous with for all  Then is a CNSG.

Proof
 
Let  and.  It is sufficient to satisfy the following three conditions:
                          (1)
                             (2)
.                           (3)

[bookmark: _Hlk169997324][bookmark: _Hlk518494458]Examining the first condition in Equation (1) highlights the following:
[bookmark: _Hlk172329914]    
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[bookmark: _Hlk169997431]Considering the second condition in Equation (2), we have
   
                 
                         
                                                                  
                        
                       
   


Looking into the third condition in Equation (3):
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Therefore,  is a CNSG.

[bookmark: _Hlk188284016][bookmark: _Hlk188284038]Theorem 3.3. Let and  be disjoint complex neutrosophic soft groups. Then is a CNSG.
Proof
[bookmark: _Hlk188284190]Let 
[bookmark: _Hlk188792594]Sinceand  are disjoint CNSGs, then , therefore for all 
If , then  if  then 
If , then  if  then
If , then  if  then
Then clearly   are complex neutrosophic soft group
Therefore  is CNSG

[bookmark: _ihv636]Definition 3.4. Let   be a homogenous complex neutrosophic soft set on ,
.
[bookmark: _32hioqz][bookmark: _Hlk189133356]Then for all  , the -level sets of  are defined as follows.
[bookmark: _1hmsyys]     

[bookmark: _2grqrue][bookmark: _Hlk189133876]For each  and ,   is a soft set in the classical case.
[bookmark: _vx1227][bookmark: _3fwokq0]If  , then  is called -level set of, denoted by , and defined as:



Theorem 3.5.  Let be a complex neutrosophic soft group over . Then for all  and for arbitrary
  and  the -level sets of  is a soft group over .

Proof

[bookmark: _19c6y18][bookmark: _3tbugp1]Let be a complex neutrosophic soft group. For arbitrary  and  let . 
Then



For truth membership term
[bookmark: _nmf14n]                                       
                                                                   
[bookmark: _37m2jsg]                                                                     
                                                                     .

     which implies that   
1. [bookmark: _1mrcu09]  ,                           
[bookmark: _46r0co2]                                                                                                         
[bookmark: _2lwamvv]                                                                                                                       
2. [bookmark: _111kx3o]     
                                   ,
                                   .             
                                                                                                                                          
For indeterminacy membership term, we have:
                                      
                                                                  
[bookmark: _3l18frh]                                                                  
                                                                  

This implies that
1. [bookmark: _206ipza]  ,                                                                          
                                                                                                    
                                                                                                                                                                                    
2. 
                                     ,
                                        

In the same manner, we can proceed to show the relationship between  and  as well as and .
                           
                                                          
[bookmark: _2zbgiuw]                                                          
                                                           

This implies that
1. ,                                
                                                                                                     
                                    
2. 
                                     ,   
                                        
                                                                                                           
which implies that , and it satisfies the first condition of Definition (2.1).
To satisfy the second condition, let , then 

                                                                                      ,

[bookmark: _3ygebqi]which implies that
                                               and   

[bookmark: _2dlolyb]For identity membership term
[bookmark: _sqyw64]                                                 
                                                                                ,

[bookmark: _3cqmetx]which implies that
                                              and  

It can also be done in the same way for falsity membership term as follows:

[bookmark: _1rvwp1q]                                               
[bookmark: _4bvk7pj]                                                                               ,

which implies that
[bookmark: _2r0uhxc]                                              and  

[bookmark: _1664s55]which proves that  

Therefore  is a group. Thus  is a soft group.

CONCLUSIONs and future recommendations
The basic theorems describing the concepts related to CNSG model structure such as union and intersection have been developed, together with the theorem linking the complex neutrosophic soft group to the classical soft group.  These basic algebraic structures further establish the capability of CNSG to solve complicated decision-making problems. Homogeneous CNSSs have also played an important role leading to the development of CNSG. The phase term included in the CNSG membership functions provides additional information that serves as an important tool in determining the final decision, and therefore paves the way for further studies in many real-world systems [11]     particularly those driven by artificial intelligence.
The integration of these neutrosophic logic tools with other mathematical structures including hyper soft sets and other algebraic structures, is highly recommended. Since CNSGs could be used to serve as a rich algebraic model for capturing relationships between vertices, particularly in social and communication networks [12]. One could investigate how the neutrosophic parameters and complex phase information can be effectively embedded into the ring environment [13] as well as the graph-theoretic measures [14] such as centrality, clustering coefficient, or spectral properties.
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