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Abstract: In this paper, a literature review is conducted on the dependence of quantum oscillation effects in bulk and low-dimensional semiconductors on external factors in dynamic and static magnetic fields, and the formulation of the research problems is presented. Based on the theoretical and experimental analysis of the available data, the research tasks have been defined. In bulk and quantum-structured semiconductors, charged particles exhibit various dynamic processes under the influence of external factors. In particular, the quantization of oscillations in the density of energetic states and quantum magnetic effects under a static magnetic field are considered one of the fundamental and applied research directions in semiconductor physics. While the motion of charged particles splits into discrete Landau levels under a static magnetic field, the application of a weak alternating (dynamic) magnetic field gives rise to resonance properties in the electron system. As a result, the cyclotron frequency of the dynamic magnetic field interacts with the cyclotron frequency of the charged particle, leading to the manifestation of magnetoplasmon oscillations. The literature review indicates that, in order to fully study the dependence of quantum magnetic effects in quantum-sized semiconductor structures on dynamic magnetic fields, it is necessary to analyze their phase portraits.
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INTRODUCTION
Analyzing the kinetic and dynamic parameters of semiconductor structures under a weak alternating magnetic field through phase portraits is one of the research directions of significant scientific and practical importance in modern micro- and nanoelectronics. According to the existing literature, various external factors—such as temperature, pressure, magnetic and electric fields, mechanical stresses, and electromagnetic radiation—profoundly alter the phase behavior of materials. Specifically, at very low temperatures, the kinetic energy of free electrons is minimal, and their phase portraits are represented as ordered closed-loop trajectories. However, as temperature increases, the concentration of lattice phonons rises, the electron–phonon scattering rate increases, and the trajectories deviate from standard circular paths, gradually forming spiral patterns. At very high temperatures, chaotic behavior is observed in the phase portraits. Therefore, temperature is one of the main factors determining the degree of order in the phase portrait.
The motion trajectories of free electrons in a quantizing magnetic field begin to thicken, and the state space of charged particles narrows. Therefore, phase portraits under the influence of a magnetic field are widely used as an effective tool for a deep understanding of the electronic structure and transport processes of semiconductor structures. For bulk semiconductors, phase portraits usually take the form of an ellipse, spiral, or limit cycle, while in quantum structured materials the distribution functions are different, in which a number of quasi-probability (Wigner function, Husimi Q-function, Glauber-Sudarshan P-function, Husimi–Kano function, Kirkwood–Rihaczek function) functions are used as the main mathematical tool, which allows describing the dynamic processes at the quantum levels of nanostructured semiconductors. In general, the experimental results of quantum effect oscillations in 3D and 2D semiconductor structures can be graphically interpreted using phase portraits. This serves as a solid theoretical foundation not only for fundamental scientific research, but also for the development of new technologies in the fields of applied electronics, spintronics, and nanophotonics.
METHODS
To date, phase portraits have been applied to a number of scientific fields. In particular, in the works [1-3], a study of the influence of recombination centers in nanoscale semiconductor films on phase portraits was considered. The study investigated how the concentration of recombination centers in semiconductor materials affects the shape of the phase portrait. According to the results of the study, a change in the concentration of charge carriers was observed as a result of an increase or decrease in the concentration of recombination centers. 
In works [1-2] The main method used in the article is the analysis of phase portraits, which allows for an effective analysis of the generation-recombination processes occurring in semiconductor materials. The study considered the continuity equation of charge carrier concentration, taking into account all-directional variable deformation and light effects. This equation is expressed in the following form:
	
	(1)


here, 𝑔 is the generation rate, r is the recombination rate. In the study, the recombination process through recombination centers was expressed in the following formula using Shockley-Read statistics:
	
	(2)


Here, 𝑁𝑡 is the concentration of recombination centers, 𝑐𝑛  and 𝑐𝑝 are the electron and hole capture coefficients, respectively.
Fig.1 shows a phase portrait of the charge carrier concentration versus the rate of change during a period of variable deformation. This portrait is in the form of a closed circle, and the charge carrier concentration in a semiconductor undergoes stable periodic oscillations. In Fig.2 ( n= ; n=), the increase in the concentration of recombination centers leads to the phase portrait spiraling inward. This reflects a decrease in the maximum concentration of charge carriers as a result of the increase in recombination centers.
In these works [4-5], it is proven that the phase portrait method can clearly demonstrate the dynamic processes occurring in semiconductor structures. Specifically, in works[1], the effect of varying recombination center concentrations on the dynamics of charge carrier concentrations and the corresponding changes in the shape of phase portraits is presented.
Additionally, in other researchs [6-8] provide detailed analyses of n-dimensional phase portraits in high-order systems.
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FIGURE 1. Phase portrait of the rate of change of charge carrier concentration (𝑛n) () [1].
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FIGURE 2. Phase portrait of the charge carrier concentration n with respect to its rate of increase (). The concentration of recombination centers varies from to [1].

Researchers have conducted a detailed analysis of the capabilities and limitations of graphically representing dynamic systems using phase portraits. In this work, a phase portrait is considered a powerful analytical tool that allows the graphical depiction of the time-independent states of dynamic systems. Traditional phase portraits are typically applied to two- or three-dimensional systems. It has been noted that representing systems with more than three dimensions graphically poses the problem of data loss. The authors have proposed using various combinations of states to graphically analyze higher-order systems, thereby enabling a detailed examination of the dynamic properties of such systems. In this work [6], the authors considered the following chaotic system:
	
	(3)


In Fig.3, the phase portraits obtained for a chaotic system described by equation (3) are shown using three state combinations (). This figure shows the dynamic trajectories of chaotic systems in detail. The graphs clearly demonstrate the complexity and unpredictability of the trajectories, as well as their high sensitivity to the initial conditions of the system. The trajectories plotted for each combination change in a complex way, clearly demonstrating the difficulty of predicting the dynamics of the system. In Fig.4, a chaotic system is analyzed, and phase portraits are drawn using three different combinations of states () and different initial conditions. These graphs show the complex and unpredictable trajectories of chaotic systems. This clearly shows the sensitivity of the systems to the initial conditions and the rapid variability of their dynamic trajectories. The graphs depict trajectories using different colors, visually explaining the behavior of chaotic systems and their complexity depending on the initial conditions.
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FIGURE 3. Phase portrait of a chaotic system constructed using formula (3)[6].
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FIGURE 4. Phase portrait of the chaotic system described by formula (3) under  conditions [6].

The results of the research work [6] allow for a more effective and in-depth analysis of complex behavior of systems by graphically constructing phase portraits in the study of dynamic processes of semiconductor structures and other higher-order systems. In our work, it opens up the possibility of better understanding complex dynamic phenomena occurring in semiconductors, especially under the influence of a dynamic magnetic field or other external factors, through various combinations of states.
In works [9-13], a detailed analysis of studies on the formation of phase portraits of second-order linear systems taking into account their dynamic properties is provided. In this study, the phase space method is presented as an effective tool for studying the dynamics of mathematical and physical systems. The researchers created an analog model of a second-order linear system and implemented its vectorized representation in the Simintech software environment. During the study, a system interface was developed that allows changing the model coefficients in real time, which showed the possibility of simulating external influences that disrupt the stability of the system. In particular, in work [9], three different equilibrium states were analyzed, and they were classified by the authors as follows: "Center", "Stable Focus" and "Unstable Focus". The results obtained during the research work Fig.5 shows the phase portrait of the system in the "Center" equilibrium state and the time-dependent transition process. In this case, according to the initial conditions chosen for the equilibrium state, trajectories are observed that form a closed circle (in the form of an ellipse). This helps to express that the system is a conservative system without energy consumption. Periodic oscillations occur at the equilibrium point of the system, and they are repeated in the form of a closed circle. Fig.6 depicts the phase portrait of the system in the "Stable Focus" state and the transition process. In this case, the trajectories gradually approach the center (equilibrium point) in the form of a spiral.
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FIGURE 5. Features of studying the model in the “center” equilibrium state (a - phase portrait, b - ongoing process) [9].
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FIGURE 6. Graphical characteristics of the model in the “Stable Focus” equilibrium state (a – phase portrait, b – transition process) [9].

[image: ]
FIGURE 7. Graphical characteristics of the model in the “Stable Focus” equilibrium state (a – phase portrait, b – transition process) [9].
As a result, the asymptotic stability of the system is visually expressed, and by changing the model coefficients in real time, it is possible to observe the change in the speed of the trajectories approaching the center. Fig.7 shows the phase portrait of the system in the “Unstable Focus” state and the transition process. In this case, it is observed that the trajectories of the system are in the form of a spiral moving away from the center. In this case, the equilibrium point of the system is sensitive to external influences, and as a result of any small external influence, the system leaves the equilibrium state and generates oscillations of increasing amplitude. As a result of changing the coefficients in real time, the trajectories initially approach the center for a short time, and then quickly move away from the center are depicted. The results obtained in work [9] show that the use of phase portraits helps to understand more deeply the complex dynamic phenomena occurring in systems under the influence of external factors. By changing the model coefficients in real time, it serves as an important tool for graphically observing the formation and change processes of phase trajectories, identifying scientific innovations, and assessing the stability of systems. However, these studies did not investigate phase portraits for analyzing the effects of dynamic magnetic fields on oscillatory phenomena in quantum electronics.
The authors of the works [14-16] focused on monochromatic Alfvén waves and successfully represented their radial variations in the magnetosphere using phase portraits. In work[14], a new methodology was developed to analyze the phase structure of Alfvén waves propagating in the plasma environment of the Earth’s magnetosphere based on space observations, using phase portraits. The main goal of the research is to develop a method that allows us to determine the type of wave, its propagation direction, and its structural properties in space through the electric and magnetic field components that make up Alfvén waves. The phase portrait is interpreted in this article as consisting of two graphs: first, the spatial (radial) distribution of the transverse components of the electric or magnetic field of the wave; second, the change in the phase shift between these components in the radial direction. This approach allows us to determine whether the wave has a simple harmonic or complex modulated nature, as well as the direction of their propagation. The theoretical foundations are based on magnetohydrodynamic equations and are built on the assumption of a gradual change in the wave parameters in the direction of propagation.
The experimental part of the study is based on data obtained by the THEMIS-E satellite on March 8, 2016. The time-varying components of the electromagnetic field were analyzed using spectral filtering and phase portraits were generated. The analysis shows that in some cases, phase shifts are observed between the components in the phase portraits, which indicates that the wave has a directional (moving in the other direction) property. The phase relationships between the electric and magnetic fields provide important information about the behavior of the wave - for example, whether it is stationary or mobile. One of the main achievements of the scientific treatise is that this method, along with the wave structure, can indirectly obtain information about local plasma parameters (density, magnetic field gradient, electrical conductivity). This makes the phase portrait method a universal tool for analyzing the space plasma environment. Especially in cases where direct measurements in space cannot be made, this methodological approach allows us to understand complex processes based on the observed parameters. The results presented in the study also expand the possibilities of comparing theoretical models with experimental data. The approach presented in the study can also be effectively applied in other areas related to plasma physics. For example, this methodology is of great importance in laboratory experiments, thermonuclear fusion modeling, and the study of wave processes in the solar corona. In our scientific work, in the analysis of oscillatory processes in technical and physical systems using phase portraits, this method of Leonovich and co-authors can serve as a theoretically and experimentally solid basis. Thus, the analysis method based on phase portraits proposed in the article takes Alfvén waves to a new level in diagnostics and serves as an effective methodological basis for studying processes. Fig.8 serves as the main model for forming a phase portrait of Alfvén waves. It depicts the transverse components of the Alfvén wave and their mutual phase shift, obtained based on experimental data recorded by the THEMIS-E satellite. This figure shows two main parts of the phase portrait typical of an Alfvén wave: (a) the radial amplitude profile of the electric and magnetic field components, and (b) the radial distribution of the phase shift between these components. Fig.8a shows the variation of the transverse electric and magnetic components radially in the Earth’s magnetosphere. This graph primarily illustrates the structural complexity of an electromagnetic wave, in particular the influence of plasma density and magnetic field gradients on the waveform. The variation in amplitude indicates that the wave is modulated rather than purely harmonic, demonstrating the presence of radial dispersion. In Fig.8b, the phase difference () between the electric and magnetic field components is presented graphically. This phase shift illustrates how the wave front propagates radially. A constant  would indicate a monochromatic wave, whereas the significant variations observed in this figure indicate dispersive properties of the wave. The phase shift also helps to determine the origin of the wave, whether from the inner or outer magnetosphere.
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FIGURE 8. Standing Alfvén waves in a dipole magnetosphere model. 
a) Longitudinal (along magnetic field lines) structures of the first two harmonics (N = 1, 2) with poloidal (PN) and toroidal (TN) polarizations. 
b) Distribution of the characteristic frequencies of standing Alfvén waves along magnetic shells (a coordinate) for poloidal (, red lines) and toroidal (, blue lines) components, as well as the frequency differences (, black lines) for the first three harmonics (N = 1, 2, 3) [10; pp. 51–57].

Fig.8 demonstrates that the structure of Alfvén waves varies not only in time but also in phase space, making it difficult to evaluate using classical methods. Therefore, the phase portrait approach serves as a convenient tool for understanding these complexities both graphically and analytically. This figure connects the theoretical model presented in the article with experimental data and practically validates the main thesis of Leonovich and co-authors: that the characteristics of Alfvén waves can be determined using phase portraits. In particular, this approach can also be applied to the study of dispersive oscillations in electromagnetic media, as well as in semiconductor physics and phase-resonance phenomena.
In the existing literature, de Haas–van Alphen oscillatory effects have been experimentally observed in weak static magnetic fields and at high temperatures. However, previous studies have not theoretically or practically explored the phase portraits of quantum oscillation effects under dynamic weak magnetic fields and their temperature dependence.
Studies [17-27] applied phase representations (delay maps) of dynamic systems to analyze pulse signals and develop diagnostic criteria using phase portraits. The authors proposed a quantitative indicator representing the intensity of blood flow during the rapid ejection phase of the cardiac cycle. Radial artery pulse signals were used as the experimental base, with a sampling frequency of 200 GHz and a delay time of Δt ≈ 50 ms, recorded using an automated pulse-diagnostic system. In the delay maps, each point corresponds to a pair f(k) and f(k–c), allowing the phase portraits to compactly represent the dynamic properties of the signals. The authors performed qualitative analyses of over 200 samples, examining the shape and topology of the portraits. In conclusion, delay maps are suitable for assessing pulse dynamics, process speed, and degree of stationarity, supporting clinical differentiation with quantitative criteria. In the context of our dissertation, this work demonstrates the universality of the phase portrait method: mapping oscillatory processes (contour topology, closed-cycle stability, bifurcation transitions) in parameter space aligns methodologically with the physical (magnetic-field) models we employ.
Furthermore, studies [28-38] developed polyhedral dynamic systems  to construct symmetries in phase portraits systematically, introducing stratification of symmetry in sets of equilibrium points through the concept of “local phase portrait similarity.” Similarity was defined by the equality of eigenvalues of the Jacobian matrix, i.e., phase portraits around two equilibria were considered “similar” if their spectra were identical. The Null(P) set was interpreted as “highly symmetric” if it contained a minimal number of layers.
Relying on the Grobman–Hartman theorem, the authors also represented topological equivalence through the similarity of Jacobian matrices. A practical scheme for constructing symmetric systems was presented: for quadratic/polyhedral systems, matrix classes that can be simultaneously diagonalized were identified, particularly referring to circulant matrix theory. Circulant matrices were diagonalized via the Discrete Fourier Transform (DFT), and a general spectral form was obtained using the DFT–Vandermonde matrix. For ODEs written in circulant convolution form , it was proven that the Jacobian eigenvalues were identically distributed for all nonzero equilibria.
The studies provided two illustrative constructions: (I) quadratic systems in the form of a “linear pencil,” where characteristic polynomial multipliers at symmetric equilibria split linearly; (II) the planar system , where the phase portrait exhibits dihedral group  symmetry, and nonzero equilibria are evenly distributed along the unit circle as saddle points.
In the context of our dissertation, this work reinforces the “phase portrait diagnosis” approach, enabling systematic construction of regime changes and stability windows in parameter space (for us, magnetic field/temperature; in the cited works, algebraic constructors ​ and circulant structures). In particular, the criterion of spectral equality directly corresponds to our phase-portrait-topology analysis.
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	FIGURE 9. A constructive representation of the class of planar quadratic systems that possess a set of equilibria located at the vertices of an equilateral triangle and at its center.



In Fig.9, the authors consider a vector field of the form ​, where , ()} were chosen. The caption of Fig.2 states that panels (a) and (b) display the phase portraits of P1 and P2​, respectively, while panel (c) illustrates their common set of hyperbolic equilibrium points. The authors demonstrate that this configuration preserves the dihedral symmetry group D3​; the generators S and R of D3​ are written explicitly, and the invariance conditions  are verified. Furthermore, based on a step-by-step derivation, the Jacobian matrix at the origin has eigenvalues , leading to center/focus–type local dynamics. At the remaining equilibria located at the vertices of the triangle, the eigenvalues take the form , which correspond to hyperbolic (saddle-type) points. Thus, Fig.9 visually shows that the phase portraits of P1 and P2​ “adhere” to the same Null(P) set and that the local spectra agree due to symmetry. The construction method is also explained: in order to obtain identical local dynamics at the triangle’s vertices, the conditions ,  were imposed on the general quadratic coefficients, after which the form  ​ emerged as the resulting solution.


CONCLUSION
In volumetric and quantum-structured semiconductors, charge carriers exhibit various dynamical processes under the influence of external factors. In particular, the quantization of oscillations in the density of energetic states under a static magnetic field and the resulting quantum magnetic effects constitute one of the fundamental and applied research directions in semiconductor physics. While the motion of charged particles in a static magnetic field is quantized into discrete Landau levels, in a dynamic (time-varying) weak magnetic field the electronic system develops resonance characteristics. As a result, the cyclotron frequency of the dynamic magnetic field interacts with the cyclotron frequency of the charge carriers, giving rise to magnetoplasmon oscillations. A review of the literature indicates that, in order to thoroughly investigate the dependence of quantum magnetic effects in quantum-confined semiconductor structures on a dynamic magnetic field, it is necessary to analyze their phase portraits.
Based on the discussion above, solving several issues requires addressing the following key problems:
1. To derive analytical expressions for the energy of free electrons in a quantum well under a dynamic weak magnetic field, , and its time derivative,; 
2. To develop a mathematical model that determines the phase portrait of Landau levels in a quantum-confined semiconductor under a time-varying weak magnetic field, expressed as
; 
3. Using the Schrödinger equation, to obtain a generalized analytical expression describing the dependence of the oscillations of the density of states of nanoscale semiconductor materials on time, the frequency of the dynamic magnetic field, and the quantum-well thickness,; 
4. To develop a mathematical model that determines the phase portrait of the oscillations of the density of states in a quantum-confined semiconductor under a dynamic weak magnetic field,
; 
5. To determine the dependence of the phase portrait of the density-of-states oscillations on temperature and quantum-well thickness under a time-varying weak magnetic field.
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Fig. 5. Graphic characteristics of the study of the model in the equilibrium position “Unstable node”
(a — phase portrait, b — transient process).
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Abstract


: 


In this paper


, a literature review is conducted on the dependence of quantum oscillation effects in bulk and low


-


dimensional 


semiconductors on external factors in dynamic and static magnetic fields, and the formulation of the research 


problems is presented. Based on the theoretical and experimental analysis of the available data, the research tasks have 


been defined.


 


In bulk and


 


quantum


-


structured semiconductors, charged particles exhibit various dynamic processes under 


the influence of external factors. In particular, the quantization of oscillations in the density of energetic states and qua


ntum 


magnetic effects under a static 


magnetic field are considered one of the fundamental and applied research directions in 


semiconductor physics. While the motion of charged particles splits into discrete Landau levels under a static magnetic 


field, the application of a weak alternating (dy


namic) magnetic field gives rise to resonance properties in the electron 


system. As a result, the cyclotron frequency of the dynamic magnetic field interacts with the cyclotron frequency of the 


charged particle, leading to the manifestation of magnetoplasm


on oscillations. The literature review indicates that, in order 


to fully study the dependence of quantum magnetic effects in quantum


-


sized semiconductor structures on dynamic magnetic 


fields, it is necessary to analyze their phase portraits.


 


Keywords


: 


Semiconductors


,


 


quantum oscillations


, p


hase portrait


, 


magnetic field


, k


inetic and dynamic parameters


, 


temperature, m


agnetoplasmon effects


 


INTRODUCTION


 


Analyzing the kinetic and dynamic parameters of semiconductor structures under a weak alternati


ng magnetic field 


through phase portraits is one of the research directions of significant scientific and practical importance in modern 


micro


-


 


and nanoelectronics. According to the existing literature, various external factors


—


such as temperature, 


pressur


e, magnetic and electric fields, mechanical stresses, and electromagnetic radiation


—


profoundly alter the phase 


behavior of materials. Specifically, at very low temperatures, the kinetic energy of free electrons is minimal, and their 


phase portraits are rep


resented as ordered closed


-


loop trajectories. However, as temperature increases, the 


concentration of lattice phonons rises, the electron


–


phonon scattering rate increases, and the trajectories deviate from 


standard circular paths, gradually forming spiral 


patterns. 


At very high temperatures, chaotic behavior is observed in 


the phase portraits. Therefore, temperature is one of the main factors determining the degree of order in the phase 


portrait.


 


The motion trajectories of free electrons in a quantizing magnetic field begin to thicken, and the state space of 


charged particles narrows. Therefore, phase portraits under the influence of a magnetic field are widely used as an 


effective tool for a deep 


understanding of the electronic structure and transport processes of semiconductor structures. 


For bulk semiconductors, phase portraits usually take the form of an ellipse, spiral, or limit cycle, while in quantum 


structured materials the distribution func


tions are different, in which a number of quasi


-


probability (Wigner function, 


Husimi Q


-


function, Glauber


-


Sudarshan P


-


function, Husimi


–


Kano function, Kirkwood


–


Rihaczek function) functions 


are used as the main mathematical tool, which allows describing the d


ynamic processes at the quantum levels of 
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